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Abstract. The aim of the paper was to study the problem of waves in a layer of incompressible fluid of constant 
depth. The interest in the problem arose due to the excitation and propagation of surface waves in the Pacific Ocean 
as a result of the powerful explosive eruption of the Hunga Tonga–Hunga Haapai volcano on January 15, 2022. 
Potential fluid motions were considered. The disturbances were induced in the form of a short-term pressure pulse 
above the free surface and in the form of pressure waves arising due to of the disintegration of the initial region of 
high pressure in the atmosphere (Lamb waves). Solutions were obtained for forced and free waves on the surface, 
as well as for forced and free pressure waves at the bottom of the fluid layer. In the long-wave approximation, the 
amplitudes of free surface waves and the amplitudes of free bottom pressure waves (in meters of water column) 
coincide, while the amplitudes of forced bottom pressure waves are greater than the amplitudes of forced surface 
waves. In cases where only the forced component is present in the pressure record, the use of a correction factor 
gives an adequate result for surface waves. If both components (forced and free) are present in the record, the use 
of the correction factor is unjustified, since it is impossible to separate the components. The estimation of surface 
wave amplitudes based on bottom pressure data may yield inadequate results. The results obtained are discussed 
in connection with the operational tsunami forecast based on the data from bottom sea level measurement stations. 
A  proposal is formulated on a possible method for adequately estimating the amplitude of surface waves when 
excited by a moving region of variable pressure.
Keywords: water waves, Lamb waves, forced waves, baric waves, free waves, gravity waves, tsunami, sea 
level measurements, operational tsunami forecast, tsunami warning services, Pacific Ocean 

Волны в слое жидкости, возбуждаемые вариациями давления 
над свободной поверхностью

Ю. П. Королёв
E-mail: Yu_P_K@mail.ru
Институт морской геологии и геофизики ДВО РАН, г. Южно-Сахалинск, Россия

Резюме. Целью работы являлось исследование задачи о волнах в слое несжимаемой жидкости постоянной 
глубины. Интерес к задаче возник в связи с возбуждением и распространением поверхностных волн в Тихом 
океане в результате мощного эксплозивного извержения вулкана Хунга Тонга–Хунга Хаапай 15.01.2022. 
Рассматривались потенциальные движения жидкости. Возмущения задавались в виде кратковременного 
импульса давления над свободной поверхностью и в виде волн давления, возникающих в результате распада 
начальной области повышенного давления в атмосфере (волн Лэмба). Получены решения для вынужденных 
и свободных волн на поверхности, а также вынужденных и свободных волн давления на дне слоя жидкости. 
В приближении длинных волн амплитуды свободных поверхностных волн и амплитуды свободных волн 
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придонного давления (в метрах водяного столба) совпадают, в то время как амплитуды вынужденных волн 
придонного давления выше амплитуд вынужденных поверхностных волн. В случаях, когда в записи давления 
присутствует только вынужденная составляющая, применение корректирующего множителя дает адекватный 
результат для поверхностных волн. Если в записи присутствуют обе компоненты (вынужденная и свободная), 
применение поправочного коэффициента неправомерно, поскольку разделить составляющие невозможно. 
Оценка амплитуд поверхностных волн по данным о давлении на дне может давать неадекватный результат. 
Полученные результаты обсуждаются в связи с оперативным прогнозом цунами по данным донных станций 
измерения уровня океана. Сформулировано предложение о возможном способе адекватной оценки амплитуды 
поверхностных волн при возбуждении их движущейся областью переменного давления.
Ключевые слова: волны на воде, волны Лэмба, вынужденные волны, барические волны, свободные 
волны, гравитационные волны, цунами, измерения уровня океана, оперативный прогноз цунами, службы 
предупреждения о цунами, Тихий океан

Introduction

The powerful explosive eruption of the Hun-
ga Tonga–Hunga Ha’apai volcano in the South 
Pacific Ocean on January 15, 20221, is estimated 
to be the largest underwater volcanic eruption in 
almost a century and a half since the catastrophic 
destruction of Krakatoa in 1883 [1]. The effects 
of  the explosion were observed in all environ-
ments: the ionosphere, the atmosphere, the ocean 
and its surface, and the earth’s crust [2–6]. 

The tsunami generated by the volcanic erup-
tion caused catastrophic floods the nearby islands 
of the Tonga archipelago with a maximum height 
of up to 22 m. The tsunami caused damage not 
only to the nearby island states, but also to the 
countries of the Pacific coast. Flood heights of 
up to 1.3 m were recorded in Japan, over 3.5 m 
in California, about 1 m in Chile and up to 1 m 
in Peru (https://www.ngdc.noaa.gov/hazel/view/
hazards/tsunami/event-search).

The volcanic explosion produced a high-pres-
sure wave in the atmosphere (also called a Lamb 
wave), which was recorded by many ground-based 

barographs around the globe. The high-pressure 
wave, propagating at a speed close to the speed of 
sound in the atmosphere, caused disturbances in the 
free surface of the ocean in the form of a forced wave 
moving at the same speed. Such a wave is called a 
baric wave below. A rapid (explosive) change in at-
mospheric pressure is itself a source of gravity waves 
on the water surface. Other processes in the eruption 
center, leading to changes in the water surface level, 
are also sources of gravity (free) waves in the ocean, 
propagating at the speed of long waves. In any case, 
surface waves are a superposition of baric and grav-
ity waves after the latter arrive at the observation 
point. Baric and/or gravity waves have been record-
ed by many deep-sea bottom stations of the DART 
(Deep-ocean Assessment and Reporting of Tsuna-
mis)2 system in the Pacific Ocean3. Both waves, bar-
ic and gravity, have been recorded in their entirety, 
from the moment of arrival of the baric wave, by a 
small number of DART stations. The amplitudes of 
the baric and gravity waves are comparable even at 
large distances from the eruption. The change in the 
amplitude of baric waves is inversely proportional to 
the square root of the distance from the source [7], 
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4 NOAA Center for Tsunami Research: Volcano-generated Tsunami Event – January 15, 2022 Hunga Tonga–Hunga Ha’apa Tsunami. URL: 
https://nctr.pmel.noaa.gov/tonga20220115/ (accessed 08.06.2025).

as is the change in the amplitude of gravity waves. 
Waves of this type, cylindrical waves, described in 
the space of two variables, have a leading edge but 
no trailing edge, and the oscillations behind the front 
continue for quite a long time [8]. Although the grav-
ity wave lags noticeably behind the baric wave, with 
its arrival a superposition of the gravity and baromet-
ric waves occurs.

Various phenomena in the atmosphere, on 
the surface and on the ocean floor that accom-
panied the volcanic explosion are considered in 
numerous works. In work [9], the processes that 
occurred in the source were discussed. It was 
assumed that five explosions of varying inten-
sity occurred in the  area of the volcano within 
half an hour to an hour. Pressure waves in the 
atmosphere based on natural data were analyzed 
in works [3, 10]. In article [7], data from many 
ground-based barographs were analyzed, it was 
established that the pressure wave in the atmos-
phere (Lamb wave) propagated at a speed of 
317  m/s, its amplitude decreased with distance 
from the explosion as r–1/2, and numerical mod-
eling of pressure waves was performed based 
on a specially constructed source. A close esti-
mate of the propagation speed of the Lamb wave 
of 312 m/s was obtained in [11]. The influence 
of  atmospheric pressure waves on the genera-
tion of waves on the ocean surface based on nu-
merical modeling is considered in [4, 7, 12–17], 
as well as on the website of the NOAA Center 
for Tsunami Research4. In [4], differences in the 
amplitudes of bottom pressure waves and sur-
face waves were noted. The generation of grav-
ity waves as a result of disturbances of the wa-
ter surface at the source in a numerical model is 
considered in [7, 18, 19]. The parameters of the 
disturbance sources were selected based on the 
degree of coincidence of the shapes of the com-
puted and recorded waves in the ocean.

Most of the listed works devoted to the event 
on January 15, 2022 were the result of either nu-
merical experiments or analysis of processes in 
the source.

Waves from a moving region of increased 
atmospheric pressure in the “shallow water” ap-
proximation were considered in [20]. When such 
regions propagate at a speed significantly lower 
than the speed of long waves in the open ocean, 
the Proudman resonance can only occur in shallow 
water, when the speed of long waves approaches 
the speed of the baric disturbance [21]. In con-
trast, Lamb waves propagate at a speed close to 
the speed of sound in air. Resonance can occur 
in areas of deep-water, but rather narrow trench-
es, the speed of long waves over which exceeds 
the speed of the Lamb wave. For example, the 
Mariana Trench, with a maximum depth of about 
11 km, has an average width of 69 km (https://
en.wikipedia.org/wiki/Mariana_Trench). The in-
fluence of such depressions on the propagation of 
free and forced waves on the ocean surface has not 
been studied.

In [22], solutions are given to problems of ex-
citation of surface waves from short-term pressure 
action on a free surface, and of excitation of waves 
by a moving area of increased pressure, which 
can result in the occurrence of meteotsunamis. 
The forms of surface waves and bottom pressure 
waves were analyzed. The differences between 
variations in bottom pressure and variations in the 
free surface were discussed.

The problem of waves excited by a high-
pressure region moving at a constant velocity in 
a one-dimensional formulation is considered in 
[6, 11, 23], and in a two-dimensional formulation 
in [23]. The moving region excites forced waves 
on the free surface and on the bottom. It is shown 
that the amplitudes of the bottom pressure waves 
are greater than the amplitudes of the forcing 
pressure above the free surface, the amplitudes 
of the bottom pressure waves, expressed in me-
ters of water column, are higher than the am-
plitudes of the surface waves. The  works [17, 
23] describe the correction of  data on bottom 
pressure variations for estimating the shape of 
forced waves. Estimates of free waves were not 
considered.
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Data on the bottom pressure of the deep-
ocean stations closest to the source are used in 
operational tsunami forecasting by the current 
NOAA method5, the express method [24], to 
estimate the waveform of the expected tsunami at 
more remote points and near the coast. As shown 
on the NOAA Center for Tsunami Research web-
site, overestimated amplitudes of surface wave 
based on bottom pressure data can be the cause 
of an inadequate determination of the degree of 
danger of the predicted tsunami.

The objective of the work is to study the so-
lution of the problem of waves in a liquid layer 
generated by atmospheric pressure disturbances. 
Waves on the liquid surface and bottom pressure 
waves arising under the action of traveling atmos-
pheric pressure waves (Lamb waves) are consid-
ered. The problem is of interest in connection with 
the use of ocean bottom pressure data in opera-
tional tsunami forecasting.

Statement of the problem

We consider the classical problem of poten-
tial motion in a layer of heavy liquid of depth H 
lying on a solid foundation [8]. The problem is 
solved in the space of three variables, the Oz axis 
with the origin on the free surface is directed verti-
cally upward, the Ox and Oy axes are on the free 
surface. The acceleration of gravity g is directed 
downward.

The velocity potential φ in the liquid layer 
satisfies the equation
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For liquids, the Bernoulli equation is valid
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where ρ is the density of the liquid (water), pa is 
the atmospheric pressure, p is the pressure in the 
liquid layer.

In the linear approximation, the boundary 
conditions for (1) are
on the disturbed free surface z  =  ζ (the values 
of the variables φ and p are related to z = 0):
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at the bottom (z = –H)   0=
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∂
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ϕ .		     (4)

In this paper, the disturbance is specified by 
the pressure above the free surface p  =  p0  +  pa, 
including some axially symmetric disturbance 
p0(r,t). Also, for generality, an axially symmetric 
initial elevation of the free surface can be speci-
fied, caused by another possible generation mech-
anism, not necessarily associated with pressure 
changes. Due to the linearity of the problem, the 
waves excited by these sources do not affect each 
other.

The pressure at the bottom (z  =  –H) is de-
termined from the Bernoulli equation using the 
found φ:
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where pbott are the variations in pressure at the 
bottom.

Problem (1)–(4) in cylindrical coordinates is 
solved by one of the common methods – by us-
ing the integral Laplace transform with respect to 

time ( 
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
0

)()( dtetfsf st )  and the Fourier–Bes-

sel transform ( 



0

0 )()()( rdrrJrff  )  with re-

spect to the radial coordinate [25].
The solution is presented in the form of Fou-

rier–Bessel transform images. This is sufficient for 
a comparative analysis of waves on a free surface 
and waves on the bottom.

5 NOAA Center for Tsunami Research: Tsunami Forecasting. URL: https://nctr.pmel.noaa.gov/tsunami-forecast.html (accessed 08.06.2025).
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Results and discussion

Waves excited
by a short-term pressure pulse
above the free surface

The initial condition for problem (1)–(4) is the 
elevation of the free surface ζ(t = 0,r) = ζ0(r/ R1) 
inside the circle r < R1, (r

2 = x2 + y2). The pressure 
disturbance above the free surface is given by a 
short-term axially symmetric pressure pulse in the 
circle r < R: p0 = p0(r/R) δ(t/T), where δ(t/T) is the 
Dirac δ-function.

After integral transformations, system (1)–
(4) is represented as
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In the system (1.1)–(4.1) all variables are im-
ages of integral transformations. Below, the argu-
ments of the function (s and/or ξ) indicate the im-
age of which transformation this function is.

The solution to (1.1) is φ = A1e
ξz+A2e

–ξz. The 
unknown coefficients A1 and A2, as well as ζ(s,ξ) 
are found from the solution of the system (2.1)–
(4.1) taking into account the pressure disturbance 
and the initial elevation of the free surface.
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The variations in pressure at the bottom are 
found from (5):
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where Ω2 = gξ ∙ thξH.
The presented expressions have 2 poles: 

s = ±i Ω, corresponding to free waves.
The inverse Laplace transform gives:
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The solutions coincide with the result ob-
tained in a slightly different way in [22]. The 
wave components coincide with an accuracy of a 
dimensional factor.

In the approximation of long waves (ξH << 1, 
chξH ≈ 1, Ω 2 ≈ gHξ 2) the obtained solutions are 
transformed into the following expressions.

Wave form of the free surface:




 tgHZtgHgH
g
TPt cossin),( 0
0  , ,

where the first term describes the wave from the 
pressure pulse, the second one – the wave from the 
initial elevation of the free surface.

Pressure variations at the bottom, recorded 
by bottom stations, reduced to meters of water 
column:



Korolev Yu.P.

Океанология Геосистемы переходных зон, 2025, 9 с.6




 )/(),,(),,( 0 Tt
g

P
g

tHptH bott
bott 




  

 



tgHZtgHgH

g
TP cossin 0

0  . 

 
Here the first term describes the reaction 

of  the bottom pressure to the pressure impulse 
above the free surface, the second and third are 
similar to the terms from the previous expression.

In the obtained expressions, the wave compo-
nents are identical. This allows us to quite reason-
ably estimate the shape (its long-wave component) 
of the ocean surface based on the bottom pressure 
data obtained by deep-sea stations in  the  ocean 
(https://ndbc.noaa.gov/to_station.shtml).

Waves generated 
by a diverging concentric wave
of increased pressure
above the free surface

Of interest is the problem of waves in a liquid 
generated by a traveling wave of increased pres-
sure above the free surface, excited by the disin-
tegration of an instantaneous increase in pressure 
in a limited circular region. According to observa-
tions, such a wave (Lamb wave) propagates at a 
speed close to the speed of sound in air, the am-
plitude attenuates with distance from the center of 
disturbance as r –1/2 [1].

The formulation of the problem of waves 
on the surface of a liquid layer excited by such 
a wave coincides with the statement of prob-
lem (1)–(4), or (1.1)–(4.1) in the images of in-
tegral transformations. A wave in the atmos-
phere arises as a result of the disintegration 
of an initial region of high pressure in a circle 
r < R: p0 = p0(r/R), which Fourier–Bessel image is 
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a disturbance over a free surface in the imag-
es of integral transformations is described as 
pforcing = P0s/ (s 2+U 2ξ 2). The wave front propagates 
with the velocity U, the amplitude asymptoti-
cally decays with distance as r –1/2 [26]. The initial 

pressure pulse excites free waves, which front 
moves with the velocity of long waves. And the 
high-pressure wave gives rise to forced waves 
on the free surface, propagating with the veloc-
ity U. In equation (3.1), P0T should be replaced by 
P0s/ (s2+U 2ξ 2).

Besides, an additional initial condition is the 
elevation of the free surface ζ(t = 0,r) = ζ0(r/R1) 
inside the circle r < R1, (r 2 = x 2 + y 2).

The solution to the problem in the images 
of integral transforms is represented by expres-
sions for variations in the forcing pressure above 
the free surface pforcing(s,ξ) = P0s/ (s 2  +  U 2ξ 2), 
variations in the pressure at the bottom
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The last two expressions have 4 poles: 
s  =  ±iUξ, corresponding to forced waves, and 
s = ±i Ω, corresponding to free waves.

The inverse Laplace transform in the long-
wave approximation (ξH << 1, Ω ≈ (gH)1/2ξ, 
chξH ≈ 1) yields the following expressions:

 for the variations in the forcing pressure 
above the free surface (pressure is expressed in 
meters of water column)

   

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P
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for the variations in the bottom pressure (in me-
ters of water column)
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and for the shape of the free surface
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In the obtained expressions (7) and (8), the 
first terms on the right-hand side describe forced 
waves propagating with the velocity U, the sec-
ond and third terms describe free (gravity) waves 
excited by the initial pressure jump and the initial 
elevation of the free surface, moving with the ve-
locity of long waves (gH)1/2. To represent the ex-
pressions in spatial variables, the inverse Fourier–
Bessel transform should be performed over them. 

For example, 



0

0
0 )(cos),( 


 drJUt

g
Prt .  . 

Due to the known asymptotics of the Bessel 

function )
4

cos(2)(0



  r

r
rJ  , the asymp-

totic estimate of the corresponding integrals will 
give the attenuation of the amplitudes as r  –1/2 [26].

From the comparison of (6)–(8) it is evident 
that the amplitude of the forced bottom pressure 
waves is greater than the amplitude of the forcing 
pressure by a factor of U 2/(U 2–gH), the amplitude 
of the baric wave differs from the amplitude of the 
forcing pressure in meters of water column by a 
factor of gH/(U 2–gH), and the amplitude of the 
forced bottom pressure waves is greater than the 
amplitude of the forced surface (baric) waves by 
a factor of U  2/gH. The result coincides with the 
conclusions of works [6, 11, 17, 23] described in 
the Introduction. The expressions describing the 
free waves are identical.

To estimate the variations in pressure above 
the free surface, the data from deep-sea bottom 
stations should be multiplied by the correction 
factor (U 2–gH)/U 2. This is confirmed in works [6, 
11] based on the measurement data. To estimate 
the amplitude of forced surface (baric) waves 
based on bottom station data expressed in meters 
of water column, another correction factor gH/U 2 
should be used [17]. At a velocity of U = 317 m/s 
[7] and an average ocean depth of H = 4000 m, the 
correction factors are 0.6 and 0.4, respectively.

Using the correction factor based on bottom 
station data, only the amplitudes of forced waves 
can be adequately estimated; applying any correc-
tion factors to the superposition of forced and free 
waves is unjustified, since it is impossible to sepa-
rate forced and free waves.

For this reason, one should be cautious in 
identifying the shape of the water surface based 
on bottom pressure variations in cases where the 
bottom pressure information contains data on 
forced waves. Such cases may be events similar 
to the event of 15.01.2022, or events associated 
with the passage of cyclones and typhoons over 
the ocean, accompanied by the excitation of me-
teotsunamis [22].

The results of solving the problem are of 
practical importance. Data on bottom pressure 
variations (7) of deep-ocean stations closest to the 
disturbance source are used in operational tsunami 
forecasting. The discrepancy between (7) and (8) 
may lead to an inadequate assessment of the de-
gree of danger of the predicted tsunami. The ques-
tion of how adequate the assessment of the ampli-
tude of surface waves based on bottom pressure 
data is posed in [27].

Expression (7) for bottom pressure varia-
tions can be written as
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The first term in the obtained expression, as 
expected, coincides with the expression for the 
forcing pressure (6), the others coincide with the 
expressions for the shapes of surface, forced and 
free waves (8). From this representation of the so-
lution for the variations in bottom pressure (9) it 
follows that it is possible to obtain the true shape 
of the free surface from the data on the bottom 
pressure only if the pressure above the free sur-
face is known. Having data on the atmospheric 
pressure ηforcing(t) (6) and subtracting them from 
the data obtained by the bottom sensors ηbott(t) 
(7), we can obtain the shape of the free surface 
ζ(t) (8). The shape of the gravitational component 
of surface waves can be estimated if we subtract 
the data on the atmospheric pressure (6) from 
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the data on the bottom pressure (7), multiplied 
by (U 2– gH)/U 2. 

Atmospheric pressure above a free surface (in 
a Lamb wave) can be calculated, for example, us-
ing a method based on the algorithms of the express 
method of operational tsunami forecasting, based 
on the fundamental principle of reciprocity [24]. To 
forecast pressure variations at remote points, data 
on atmospheric pressure of barographs closest to 
the source of increased pressure can be used.

Conclusion

A solution to the problem of waves in a heavy 
incompressible fluid layer of constant depth is 
presented.

A localized short-term increase in pressure 
above the free surface was specified as a wave 
source. This results in free waves on the surface 
and pressure waves on the bottom. The shapes and 
amplitudes of surface waves and bottom pressure 
waves (in meters of water column) are the same.

Another wave source was an instantaneous in-
crease in pressure in a localized region and a pres-
sure wave propagating in the atmosphere above 
the free surface, which occurs as a result of the 
disintegration of a high-pressure region (the Lamb 
wave model). Such a source excites free waves on 
the surface of the layer and on the bottom, trave-
ling at the speed of long waves, and forced waves 
propagating at the speed of a forcing pressure 
wave. In the long-wave approximation, the shapes 
and amplitudes of free waves on the surface and 
on the bottom are the same. The amplitudes of 
forced bottom pressure waves are higher than the 
amplitudes of forced surface waves. To estimate 
the free surface wave shape based on bottom pres-
sure data, the correction factor gH/U2 can be ap-
plied to the part of the record containing only the 
forced component. This approach is incorrect for 
data that include both forced and free components.

Overestimated amplitudes of bottom pressure 
variations can be the cause of inadequate estima-
tion of the expected tsunami by operational fore-
casting methods that use bottom pressure data. 
Despite the uniqueness of events like the event 
of 15.01.2022, tsunami warning services should 
probably take this feature into account. 

A method is proposed for estimating the free 
surface shape, including forced (baric) and free 
(gravity) waves, as well as free wave shapes, 
based on bottom pressure data.

One of the possible methods for calculating 
the pressure in the Lamb wave is proposed based 
on the barometric data of stations closest to the 
source of high pressure, based on the fundamental 
reciprocity principle.
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